For two-dimensional autonomous linear incommensurate fractional-order dynamical systems with Caputo derivatives of different orders, necessary and sufficient conditions are obtained for the asymptotic stability and instability of the null solution. These conditions are expressed in terms of the elements of the system's matrix, as well as of the fractional orders of the Caputo derivatives, leading to a generalization of the well known Routh-Hurwitz conditions. These theoretical results are then used to investigate the stability properties of a two-dimensional fractionalorder FitzHugh-Nagumo neuronal model. The occurrence of Hopf bifurcations is also discussed. Numerical simulations are provided with the aim of exemplifying the theoretical results, revealing rich spiking behavior, in comparison with the classical integer-order FitzHugh-Nagumo model.
INTRODUCTION
In many real world applications (1, 2, 3, 4, 5) , fractional-order dynamical systems have proven to provide more accurate and realistic results than their classical integer-order counterparts, due to the fact that fractional-order derivatives, as non-local operators, are able to reflect memory and hereditary properties. However, it is important to emphasize that important qualitative differences may appear when generalizing properties of integer-order dynamical systems to the fractional-order case, and such generalizations have to be done with great care.
Stability analysis is one of the most important research topics of the qualitative theory of fractional-order systems. Two recent surveys (6, 7) provide comprehensive overviews of stability properties of fractional-order systems. In the particular case of linear autonomous commensurate fractional order systems, the most important starting point is Matignon's stability theorem (8) , which has been generalized in (9) . Linearization theorems (or analogues of the classical Hartman-Grobman theorem) for fractional-order systems have been recently proved in (10, 11) . Up to this date, incommensurate order systems have not received as much attention as their commensurate order counterparts. Linear incommensurate fractional order systems with rational orders have been analyzed in (12) . Oscillations in two-dimensional incommensurate fractional order systems have been investigated in (13, 14) . BIBO stability of systems with irrational transfer functions has been recently investigated in (15) .
The first aim of this paper is to explore necessary and sufficient conditions for the asymptotic stability of two-dimensional linear autonomous incommensurate fractional-order systems with Caputo derivatives of different orders. An extended summary of these results has been given in (16) . The theoretical results included in the following sections generalize the previous findings reported in (17) , concerning two-dimensional systems composed of a fractional-order differential equation and a classical firstorder differential equation. These results are later applied to investigate stability properties of a fractional-order FitzHughNagumo neuronal model. It is worth emphasizing that the fractional-order formulation of neuronal dynamics is strongly justified by experimental results concerning biological neurons (18, 19) . Moreover, (20) suggests that a possible physical meaning of the order of a fractional derivative is that of an index of memory, which further justifies its use in mathematical models arising from neuroscience.
PRELIMINARIES
Consider the -dimensional fractional-order system with Caputo derivatives
where = ( 1 , 2 , ..., ) ∈ (0, 1) and ∶ [0, ∞) × ℝ → ℝ is continuous on the whole domain of definition and Lipschitzcontinuous with respect to the second variable, such that
Let ( , 0 ) denote the unique solution of (1) which satisfies the initial condition (0) = 0 ∈ ℝ . The existence and uniqueness of the initial value problem associated to system (1) is guaranteed by the properties of the function stated above (21) . Generally, the asymptotic stability of the trivial solution of system (1) is not of exponential type (22, 23) , because of the presence of the memory effect. A special type of non-exponential asymptotic stability concept has been defined for fractionalorder differential equations (24) , called Mittag-Leffler stability. In this paper, we are concerned with ( − )-asymptotic stability, which reflects the algebraic decay of the solutions.
Definition 1.
The trivial solution of (1) is called stable if for any > 0 there exists = ( ) > 0 such that for every 0 ∈ ℝ satisfying ‖ 0 ‖ < we have ‖ ( , 0 )‖ ≤ for any ≥ 0.
The trivial solution of (1) is called asymptotically stable if it is stable and there exists > 0 such that lim
The trivial solution of (1) is called ( − )-asymptotically stable if it is stable and there exists > 0 such that for any ‖ 0 ‖ < one has:
STABILITY RESULTS FOR LINEAR SYSTEMS WITH TWO CAPUTO DERIVATIVES OF DIFFERENT ORDERS
The following two-dimensional linear autonomous incommensurate fractional-order system is considered:
where = ( ) is a real 2-dimensional matrix and 1 , 2 ∈ (0, 1) are the fractional orders of the Caputo derivatives. We may assume 12 21 ≠ 0, because otherwise, one equation would be decoupled. Applying the Laplace transform to system (2) we obtain the following system:
where ( ) = ( )( ) and ( ) = ( )( ) represent the Laplace transforms of the functions and , respectively, and 1 , 2 represent the principal values (first branches) of the corresponding complex power functions (25) . Therefore:
In the following, we denote
and therefore, we obtain
The following result provides necessary and sufficient conditions for the global asymptotic stability of system (2) as well as sufficient conditions for the instability of system (2). The proof is based on the Final Value Theorem and asymptotic expansion properties of the Laplace transform (25, 26, 17) . Theorem 1. (2) is unstable.
Denoting
= min{ 1 , 2 }, system (2) is ( − )-
Proof. Without loss of generality, we consider
Part 1 -Necessity. Assuming that (2) is ( − )-globally asymptotically stable and letting ( ( ), ( )) denote the solution of system (2) which satisfies the initial condition ( (0), (0)
Hence, the Laplace transform
( ) is absolutely continuous and holomorphic in the open right half-plane, therefore, it does not have any poles in the open right half-plane. The function from the numerator is holomorphic on
Assuming that Δ (0) = 0, we obtain that det( ) = 0 and Δ ( ) = 1 + 2 − 11 2 − 22 1 . Hence (27) yields
The Laplace transform ( ) is holomorphic in the right half-plane, except at the origin and has the asymptotic expansion
, as → 0, (25) , this leads to the following asymptotic expansion:
where Γ represents the Gamma function with the convention 
Proof. It is easy to see that for any > 0 one has:
Moreover, (0 + ) = (∞) = ∞ and (∞) = (0 + ) = −∞, and hence, Γ We will first prove the inequality ⋆ ( ) ≤ 
The above inequality follows from Jensen's inequality applied to the concave sine function:
The other inequality, ⋆ ( ) ≤ (− )
for any < 0, is equivalent to ( ) 1 ≤ (− ( )) 2 1 − 2 , for any < . Denoting = −1 1 + 2 ∈ (0, ), this further simplifies to inequality (5) which has been proved above.
With the aim of exploring the distribution of the roots of the characteristic function Δ ( ) given above, the following result is given, which is a generalization of Proposition 2 from (17). ( , , 1 , 2 ) . ( , , 1 , 2 ) . on (0, ∞) , it results that it has at least one strictly positive real root. 
(b) Δ( ) has a pair of pure imaginary roots if and only if
= ⋆ , 1 , 2 ( ) ∶= ⋆ ( , , 1 , 2 ),ℜ( ) | | | = * < 0.
(d) All roots of Δ( ) are in the left half-plane if and only if > ⋆

(e) Δ( ) has a pair of roots in the right half-plane if and only if < ⋆
Proof. 1. Since Δ(0) = < 0 and Δ(∞) = ∞, due to the fact that Δ( ) is continuous
As Δ(0) = , it is easy to see that
In what follows, we compute ℜ 2 ( ) and we obtain: 
If < 0, we have > − and > − and inequality 4 from Lemma 1 provides: Based on Theorem 1 and Propositions 1 and 2, the following conditions for the stability of system (2) are obtained, with respect to its coefficients and the fractional orders 1 , 2 : Corollary 1. Consider the linear system (2) with 1 , 2 ∈ (0, 1), 1 < 2 , the fractional orders of the Caputo derivatives. Denoting = − 11 , = − 22 , = det( ), the following hold: (2) 
INVESTIGATION OF A FRACTIONAL-ORDER FITZHUGH-NAGUMO MODEL
The FitzHugh-Nagumo neuronal model (29) is a simplification of the well-known Hodgkin-Huxley model, which describes a biological neuron's spiking behavior. In this paper, we consider an extension of the classical FitzHugh-Nagumo model, by replacing the integer-order derivatives by fractional-order Caputo derivatives:
where represents the membrane potential, is a recovery variable, is an external excitation current and 0 < 1 ≤ 2 ≤ 1. A similar model has been investigated by means of numerical simulations in (30) . The second equation of system (8) can be rewritten as follows:
where = ∈ (0, 1), = 1 > 1 and = . Therefore, system (8) is equivalent to the following two-dimensional conductance-based model:
where ( , ) = − + We observe that ∞ ∈ 1 , lim →−∞ ∞ ( ) = −∞ and lim →∞ ∞ ( ) = ∞. Moreover, ′ ∞ ( ) = 2 + − 1. As it is assumed that > 1, it follows that ′ ∞ ( ) = 2 + − 1 > 0, so the function ∞ is increasing and, as it is also continuous, it results that ∞ is bijective. Therefore, there exists a unique solution for the equation ∞ ( ) = , which we denote by * = * ( , , ).
For the investigation of the stability of equilibrium states, we consider the Jacobian matrix associated to system (9) at an arbitrary equilibrium state ( * , * ) = ( * , ∞ ( * )): For 1 = 0.63, numerical simulations show quasi-periodic behavior, corresponding to the existence of a stable limit cycle. As 1 is increased, the frequency of the oscillations increases. Numerical simulations suggest that fractional-order versions of the FitzHugh-Nagumo system provide a more realistic modeling of individual spikes than the corresponding integer-order counterpart (as seen in the last image from Fig. 4 ).
